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1. Introduction
Kaneko [7] introduced poly-Bernoulli numbers B(k)n which are deﬁned by the generating function
Lik(x)
x
∣∣∣∣
x=1−e−t
= Lik(1− e
−t)
1− e−t =
∞∑
n=0
B
(k)
n
n! t
n, (1)
where
Lik(x) :=
∞∑
n=1
xn
nk
(|x| < 1)
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Li1(x) = − log(1− x), Lik(x) =
x∫
0
Lik−1(x)
x
dx (k 2). (2)
When k = 1, we see that (1) is the generating function of the Bernoulli numbers. Therefore poly-
Bernoulli numbers are a generalization of the Bernoulli numbers. Kaneko showed an explicit formula
for B(k)n and the duality formula B
(−k)
n = B(−n)k and completely determined the denominator of di-
Bernoulli numbers B(2)n in [7]. Further, combinatorial interpretations of poly-Bernoulli numbers with
negative index B(−k)n were given by Brewbaker [4] and Launois [10] (also see [8]). However, gen-
eralizations of the generalized Bernoulli numbers similar to (1) have not been done at present.
The generalized Bernoulli numbers Bn,χ for a Dirichlet character χ modulo N are deﬁned by
N∑
m=1
χ(m)
temt
eNt − 1 =
∞∑
n=0
Bn,χ
n! t
n
and describe special values at non-positive integers of the Dirichlet L-function associated with χ .
In [1], Arakawa and Kaneko introduced the zeta-function
ξk(s) := 1
Γ (s)
∞∫
0
ts−1 Lik(1− e
−t)
et − 1 dt
whose special values at non-positive integers relate to poly-Bernoulli numbers, that is, they proved
ξk(−n) =
n∑
l=0
(−1)l
(
n
l
)
B
(k)
l (n ∈ Z0).
We also see that Arakawa–Kaneko’s zeta-function ξk(s) is a generalization of the Riemann zeta-
function, since ξ1(s) = sζ(s + 1). Further, Arakawa–Kaneko’s zeta-function plays important role in the
study of multiple zeta-star values deﬁned by
ζ (r1, . . . , rn) :=
∑
0<m1···mn
1
mr11 · · ·mrnn
for r j ∈ N ( j = 1, . . . ,n) with rn  2. It is important to understand the structure of Q-algebra spanned
by multiple zeta-star values. Recently, Kaneko and Ohno [9] gave a connection between certain pair of
multiple zeta-star values which can be interpreted as a kind of duality formula for multiple zeta-star
values by using the formula
ξk(n + 1) = ζ (1, . . . ,1︸ ︷︷ ︸
n
,k + 1)
which was proved by Ohno [11] and an explicit formula for ξk(s) which was given in [1]. Ya-
mazaki [13] gave another proof of the theorem of Kaneko and Ohno in [9].
In this article, we consider generalizations of the Dirichlet L-functions based on the construction of
Arakawa–Kaneko’s zeta-function. The reason for considering such generalization is to introduce gener-
alized poly-Bernoulli numbers. Generalized poly-Bernoulli numbers must be deﬁned as special values
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numbers. Further we expect to be applicable those generalized L-functions to the study of related
multiple zeta values. Indeed, we show such L-functions are related to multiple L values introduced
by Arakawa and Kaneko [2] in Section 3 and Section 4.
In the next section, we mention how to generalize the Dirichlet L-functions. Then we see that
the way of generalization is not unique. We treat different two generalizations of the Dirichlet L-
functions. It follows that we consider different two generalized poly-Bernoulli numbers. In Section 3,
we treat the ordinary case which means using the polylogarithm. Generalized Dirichlet L-functions
for this case are expressed in terms of the multiple Hurwitz-type zeta-function. We also show that
special values at positive integers of such multiple Hurwitz-type zeta-function can be expressed as a
linear combination of multiple L values via those iterated integral representation. Further we evalu-
ate special values at non-positive integers of such L-functions and deﬁne generalized poly-Bernoulli
numbers for this case via such values. In Section 4, we treat another generalization, and also consider
an explicit formula, iterated integral representations and special values at non-positive integers for
this case. In Section 5, we give explicit formulas for generalized poly-Bernoulli numbers deﬁned in
Section 4.
2. Generalizations of the Dirichlet L-functions
To generalize the Dirichlet L-functions based on the construction of Arakawa–Kaneko’s zeta-
function, we focus on the following properties:
1. The function x(t) = 1− e−t is the inverse function of Li1(x), that is, Li1(1− e−t) = t .
2. Since Li1(1− e−t) = t , we see that
ξ1(s) = sζ(s + 1).
3. For any k 2,
Lik−1(1− e−t)
et − 1 =
d
dt
Lik
(
1− e−t).
In particular,
t
et − 1 =
d
dt
Li2
(
1− e−t).
Namely, Arakawa–Kaneko’s zeta-function is generalized by the following way: If an L-function L(s)
has the integral representation
L(s) = 1
Γ (s)
∞∫
0
ts−1G(t)dt,
then we consider the function
Lk(s) = 1
Γ (s)
∞∫
0
ts−1G(t)Pk
(
ϕG(t)
)
dt,
where ϕG(t) satisﬁes the differential equation
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ϕ′G(t)
ϕG(t)
= G(t) (3)
with a suitable constant C , and Pk(x) is the function deﬁned by the inductive relation
Pk(x) :=
x∫
0
Pk−1(x)
x
dx (k 2) (4)
and P1(x) is the inverse function of ϕG(t), that is, P1(ϕG(t)) = t . In particular, L1(s) = sL(s + 1).
In the case of Arakawa–Kaneko’s zeta-function ξk(s), we see that G(t) = 1/(et −1), ϕG(t) = 1− e−t
and Pk(x) = Lik(x).
We apply the above generalization to the Dirichlet L-functions. The Dirichlet L-function associated
with a Dirichlet character χ modulo N has the following integral representation:
L(s,χ) = 1
Γ (s)
N∑
m=1
χ(m)
∞∫
0
ts−1 e
−mt
1− e−Nt dt. (5)
For each integral, we consider a partition of the integrand
e−mt
1− e−Nt = Sm,N(t)GN(t),
where GN (t) depends on only N and Sm,N (t) depends on m and N , in general. Note that such decom-
position is not unique and depends on a choice of GN (t). For a partition, we consider
∞∫
0
ts−1 e
−mt
1− e−Nt Pk
(
ϕGN (t)
)
dt,
where ϕGN (t) and Pk(x) satisfy (3) replaced G(t) by GN (t) and (4), respectively.
Deﬁnition 1 (Generalized Dirichlet L-functions associated with ϕGN ). We deﬁne generalized Dirichlet
L-functions associated with ϕGN by
Lk(s,χ ;ϕGN ) :=
1
Γ (s)
N∑
m=1
χ(m)
∞∫
0
ts−1 e
−mt
1− e−Nt Pk
(
ϕGN (t)
)
dt.
3. Ordinary case
In this section, we treat the ordinary generalizations of the Dirichlet L-functions. We consider the
following decomposition of integrand in (5):
Sm,N(t) = e(N−m)t, GN(t) = 1
eNt − 1 .
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ϕGN (t) = 1− e−Nt .
Here, we have put C = 1/N in (3). Hence Pk(x) = Lik(x)/N and
Lk
(
s,χ ;1− e−Nt)= 1
Γ (s)
N∑
m=1
χ(m)
∞∫
0
ts−1e(N−m)t Lik(1− e
−Nt)
N(eNt − 1) dt. (6)
If we put
ξk(s,a) := 1
Γ (s)
∞∫
0
ts−1e(1−a)t Lik(1− e
−t)
et − 1 dt for 0 < a < 1, (7)
then (6) can be rewritten as
Lk
(
s,χ ;1− e−Nt)= 1
Ns+1
N∑
m=1
χ(m)ξk(s,m/N).
Function ξk(s, x) is absolutely convergent for s > 0.
Remark 1. Function ξk(s, x) was ﬁrst deﬁned by Coppo and Candelpergher [6] as a generalization of
Arakawa–Kaneko’s zeta-function.
Remark 2. Recently, Bayad and Hamahata [3] introduced a function which is a kind of (6) indepen-
dently of this work, and investigated properties of the function.
3.1. An explicit formula for ξk(s, x)
We consider an explicit formula for ξk(s, x), that is, that for Lk(s,χ ;1 − e−Nt). For this purpose,
we deﬁne the following Hurwitz-type multiple zeta-function.
Deﬁnition 2. For 0 < a < 1, we deﬁne the Hurwitz-type multiple zeta-function by
ζH,k(s1, . . . , sk; x) :=
∑
0<n1<···<nk
1
ns11 · · ·nsk−1k−1 (nk − 1+ x)sk
. (8)
Remark 3. We see that
Lk,N(s1, . . . , sk;χ) :=
N∑
m=0
χ(m)ζH,k(s1, . . . , sk;m/N)
=
∑
0<n1<···<nk−1nk/N
χ(nk)
ns11 · · ·nsk−1k−1nskk
.
The following proposition indicates an integral representation of (8) which will be used to show
an explicit formula for ξk(s,a).
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ζH,k(s1, . . . , sk;a) = 1
Γ (s1) · · ·Γ (sk)
∞∫
0
· · ·
∞∫
0
e(1−a)xk
k∏
j=1
x
s j−1
j
k∏
l=1
1
e
∑k
h=l xh − 1
dx1 · · ·dxk.
Proof. By using the well-known formula
1
ns
= 1
Γ (s)
∞∫
0
ts−1e−nt dt,
we can immediately obtain the above proposition. 
By using Proposition 1, we have
Theorem 2. For s > 1, we have
ξk(s,a) = (−1)k−1
{
k−1∑
j=1
ζH,k
(
1, . . . ,1,
j-th
↓
2 ,1, . . . ,1, s;a)+ sζH,k(1, . . . ,1, s + 1;a)
}
+
k−2∑
j=0
(−1) jζ(k − j)ζH, j+1(1, . . . ,1︸ ︷︷ ︸
j
, s;a).
Consequently, we have
Lk(s,χ) = (−1)
k−1
Ns+1
{
k−1∑
j=1
Lk,N
(
1, . . . ,1,
j-th
↓
2 ,1, . . . ,1, s;χ)+ sLk,N (1, . . . ,1, s + 1;χ)
}
+ 1
Ns+1
k−2∑
j=0
(−1) jζ(k − j)L j+1,N(1, . . . ,1︸ ︷︷ ︸
j
, s;χ).
Remark 4. Coppo and Candelpergher [6] gave special values at positive integers of (7) by using the
modiﬁed Bell polynomial.
Proof of Theorem 2. According to the method of Arakawa and Kaneko [1], we consider the following
iterated integral:
Yν(s,m) =
∞∫
0
· · ·
∞∫
0
xs−1k e
(1−a)xk Liν
(
1− e−(
∑k
h=ν xh)
) k∏
j=ν
1
e
∑k
l= j xl − 1
dxν · · ·dxk
for ν = 1, . . . ,k. In particular,
Y1(s,a) =
∞∫
· · ·
∞∫
xs−1k e
(1−a)xk
k∑
h=1
xh
k∏
j=1
1
e
∑k
l= j xl − 1
dx1 · · ·dxk0 0
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Yk(s,a) = Γ (s)ξk(s,a).
We evaluate Y1(s,a) by different two ways. From Proposition 1, we have
Y1(s,a) =
k∑
j=1
∞∫
0
· · ·
∞∫
0
x jx
s−1
k e
(1−a)xk
k∏
j=1
1
e
∑k
l= j xl − 1
dx1 · · ·dxk
= Γ (s)
{
k−1∑
j=1
ζH,k
(
1, . . . ,1,
j-th
↓
2 ,1, . . . ,1, s;a)+ sζH,k(1, . . . ,1, s + 1;a)
}
. (9)
On the other hand, we focus on the following property:
Lik(1− e−x)
ex − 1 =
d
dx
Lik+1
(
1− e−x).
In particular,
x
ex − 1 =
d
dx
Li2
(
1− e−x).
Hence we have
Y1(s,a) =
∞∫
0
· · ·
∞∫
0
xs−1k e
(1−a)xk{ζ(2) − Li2(1− e−(∑kh=2 xh))} k∏
j=2
1
e
∑k
l= j xl − 1
dx2 · · ·dxk
= Γ (s)ζ(2)ζH,k−1(1, . . . ,1, s;a) − Y2(s,a).
Repeating this manner, we have
Y1(s,a) = Γ (s)
k−1∑
j=1
(−1) j−1ζ( j + 1)ζH,k− j(1, . . . ,1, s;a) + (−1)k−1Γ (s)ξk(s,a). (10)
By combining (9) with (10), we obtain Theorem 2. 
3.2. Iterated integral representations for ζH,k(r1, . . . , rk;m/N)
We give iterated integral representations for ζH,k(r1, . . . , rk;m/N) for r j ∈ Z1 ( j = 1, . . . ,k) with
rk  2. Further we rewrite ζH,k(r1, . . . , rk;m/N) as a linear combination of multiple L values by using
its iterated integral representation.
We ﬁrst deﬁne multiple L values by
Lk(r1, . . . , rk; ξ1, . . . , ξk) :=
∑
0<m1<···<mk
ξ
m1
1 ξ
m2−m1
2 · · · ξmk−mk−1k
mr11 m
r2
2 · · ·mrkk
,
where each ξ j ( j = 1, . . . ,k) is a root of unity. Multiple L values were introduced by Arakawa and
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Lir1,...,rk (x) :=
∑
0<m1<···<mk
xmk
mr11 · · ·mrkk
. (11)
We put
A0(x) = 1
x
, Aξ (x) = ξ
1− ξx
(
ξ ∈ C×1 :=
{
z ∈ C× ∣∣ |z| 1})
and
I(ν1, . . . , νn; t) =
∫
· · ·
∫
0<t1<···<tn<t
Aν1(t1) · · · Aνn (tn)dt1 · · ·dtn
for ν j ∈ C×1 ( j = 1, . . . ,n) with ν1 = 0 and νn = 1 and 0 < t < 1. Then we can see that
Lk(r1, . . . , rk; ξ1, . . . , ξk) = I(ξ1,0, . . . ,0︸ ︷︷ ︸
r1−1
, ξ2,0, . . . ,0︸ ︷︷ ︸
r2−1
, . . . , ξk,0, . . . ,0︸ ︷︷ ︸
rk−1
;1) (12)
and
Lir1,...,rk (t) = I(1,0, . . . ,0︸ ︷︷ ︸
r1−1
,1,0, . . . ,0︸ ︷︷ ︸
r2−1
, . . . ,1,0, . . . ,0︸ ︷︷ ︸
rk−1
; t).
To give an iterated integral representation for ζH,k(r1, . . . , rk;m/N), we deﬁne
D(N)0 (x)
(= A0(x))= 1
x
, D(N)m (x) = x
m−1
1− xN (m = 1, . . . ,N). (13)
Then we have
ζH,k(r1, . . . , rk;m/N)
=
∫
· · ·
∫
0<t1<···<trk<1
Lir1,...,rk−1(t1)D
(N)
m (t1)D
(N)
0 (t2) · · · D(N)0 (trk )dt1 dt2 · · ·dtrk . (14)
This is an iterated integral representation for ζH,k(r1, . . . , rk;m/N). The following lemma gives us
other iterated integral representation for ζH,k(r1, . . . , rk;m/N) which indicates ζH,k(r1, . . . , rk;m/N)
can be expressed as a linear combination of multiple L values.
Lemma 3. For positive integers m and N such that m N, we have
D(N)m (x) =
N∑
l=1
εl,m
ζ l−1N
A
ζ l−1N
(x),
where ζN is a primitive N-th root of unity and εl,m’s are given by
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⎝ ε1,m...
εN,m
⎞
⎠= Z−1em, (15)
where Z = (ζ (i−1)( j−1)N )1i, jN is an N-th square matrix and em’s are column vectors whichm-th component
is equal to 1, otherwise 0.
Proof. We remark
N−1∏
l=0, l = j
(
1− ζ lN x
)= 1− xN
1− ζ jN x
=
N−1∑
l=0
ζ
jl
N x
l.
Hence, the partial fraction decomposition
xm−1
1− xN =
N∑
l=1
εl,m
1− ζ l−1N x
is possible, if Z = (ζ (i−1)( j−1)N )1i, jN is a nonsingular matrix. Because if the above decomposition is
satisﬁed, then
Z
⎛
⎝ y1,m...
yN,m
⎞
⎠= em
holds. Indeed, |Z | =∏i> j(ζ (i−1)N − ζ ( j−1)N ) = 0 which is so-called Vandermonde’s determinant. Hence
we also see that coeﬃcients εl,m are given by (15). 
Combining (11), (12), (14) and Lemma 3, we obtain
Theorem 4. For positive integers r j ( j = 1, . . . ,k) with rk  2, we have
ζH,k(r1, . . . , rk;m/N) =
N∑
l=1
εl,m
ζ l−1N
I
(
1,0, . . . ,0︸ ︷︷ ︸
r1−1
, . . . ,1,0, . . . ,0︸ ︷︷ ︸
rk−1−1
, ζ l−1N ,0, . . . ,0︸ ︷︷ ︸
rk−1
;1)
=
N∑
l=1
εl,m
ζ l−1N
Lk
(
r1, . . . , rk;1, . . . ,1, ζ l−1N
)
.
3.3. Special values at non-positive integers and ordinary generalized poly-Bernoulli numbers
We evaluate special values of Lk(s,χ ;1 − e−Nt) at non-positive integers and introduce ordinary
generalized poly-Bernoulli numbers via such values.
Deﬁnition 3 (Ordinary generalized poly-Bernoulli numbers). We deﬁne poly-Bernoulli polynomials and
ordinary generalized poly-Bernoulli numbers by
ext
Lik(1− e−t)
et − 1 =
∞∑ B(k)n (x)
n! t
n (16)n=0
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N∑
m=1
χ(m)
emt Lik(1− e−Nt)
N(eNt − 1) =
∞∑
n=0
B
(k)
n,χ
n! t
n, (17)
respectively.
Remark 5. The deﬁnitions (16) and (17) are due to Ohno and Wakabayashi [12].
Then we have
Theorem 5. The functions ξk(s,m/N) and Lk(s,χ ;1− e−Nt) can be continued to the whole complex plane as
an entire function and we have
ξk(−n,m/N) = (−1)nB(k)n (1−m/N)
and
Lk
(−n,χ ;1− e−Nt)= (−1)nχ(−1)B(k)n,χ (18)
for n ∈ Z0 .
Proof. We can obtain Theorem 9 by a well-known standard method due to Zagier [14] (also
see [1]). 
Remark 6. Proposition 10.2.2 in [5, p. 163] tells us another proof of Theorem 5.
Our aim is to introduce generalized poly-Bernoulli numbers via special values at non-positive in-
tegers of generalized L-functions. Theorem 5 indicates Deﬁnition 3 is justiﬁed one.
Remark 7. The right-hand side of (18) can be rewritten as
(−1)nNn−1
N∑
m=1
χ(−m)B(k)n (1−m/N).
4. Another case
In this section, we treat another decomposition of the integrand e−mt/(1− e−Nt) of (5). We put
Sm,N(t) = e(N/2−m)t, GN(t) = 1
eNt/2 − e−Nt/2 .
Then we can see that ϕGN (t) = (eNt/4 − e−Nt/4)/(eNt/4 + e−N/4t) = tanh(Nt/4) if we put C = 1/N , and
P1(x) = (4/N)arctanh x = (4/N)
x∫
0
dx
1− x2 = (4/N)
∞∑
n=1
x2n−1
2n − 1
=: (4/N)Ath1(x).
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Lk
(
s,χ ; tanh(Nt/4))= 1
Γ (s)
N∑
m=1
χ(m)
∞∫
0
ts−1e(N/2−m)t 4Athk(tanh(Nt/4))
N(eNt/2 − e−Nt/2) dt (19)
and
Athk(x) :=
∞∑
n=1
x2n−1
(2n − 1)k =
x∫
0
Athk−1(x)
x
dx (k 2).
If we put
ψk(s,a) := 1
Γ (s)
∞∫
0
ts−1e(2−4a)t Athk(tanh t)
e2t − e−2t dt for 0 < a < 1,
then (19) can be rewritten as
Lk
(
s,χ, tanh(Nt/4)
)= ( 4
N
)s+1 N∑
m=1
χ(m)ψk(s,m/N).
4.1. An explicit formula for ψk(s,a)
The following multiple zeta-functions are used to state an explicit formula for ψk(s,a).
Deﬁnition 4. For 0 < a < 1, we deﬁne the Hurwitz-type multiple zeta-functions ζH,k,(4)(s1, . . . , sk;a)
by
ζH,k,(4)(s1, . . . , sk;a) :=
∑
0<n1<···<nk
1
(4n1 − 2)s1 · · · (4nk−1 − 2(k − 1))sk−1(4nk − 2k − (2− 4a))sk .
Then we have the following integral representation.
Proposition 6. For s j  1 ( j = 1, . . . ,k) and sk > 1, we have
ζH,k,(4)(s1, . . . , sk;a) = 1
Γ (s1) · · ·Γ (sk)
∞∫
0
· · ·
∞∫
0
e(2−4a)xk
k∏
j=1
x
s j−1
j
×
k∏
l=1
1
e2(
∑k
m=l xm) − e−2(∑km=l xm) dx1 · · ·dxk.
We omit the proof of the above proposition, since the proof is similar to that of Proposition 1. By
using Proposition 6, we have
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ψk(s,a) = (−4)k−1
(
N
4
)1−s{ k−1∑
j=1
ζH,k,(4)
(
1, . . . ,1,
j-th
↓
2 ,1, . . . ,1, s
)+ sζH,k,(4)(1, . . . ,1, s)
}
+
(
N
4
)1−s k−2∑
j=0
(−4) j L(k − j)ζH, j+1,(4)(1, . . . ,1︸ ︷︷ ︸
j
, s),
where
L(k) :=
∞∑
n=1
1
(2n − 1)k for k 2.
Proof. We put
Iν(s) :=
∞∫
0
· · ·
∞∫
0
xs−1k e
(2−4a)xk Athν
(
tanh
(
k∑
j=ν
x j
))
k∏
l=ν
1
e2(
∑k
h=l xh) − e−2(∑kh=l xh) dxν · · ·dxk
for ν = 1, . . . ,k. In particular,
Ik(s) = Γ (s)φk(s).
Evaluating I1(s) by different two ways as in the case of Theorem 5, we can obtain Theorem 7. 
4.2. Iterated integral representations for ζH,k,(4)(r1, . . . , rk)
Here, we give iterated integral representations for ζH,k,(4)(r1, . . . , rk) for r j ∈ Z1 ( j = 1, . . . ,k)
with rk  2.
We put
J (μ1, . . . ,μn) =
∫
· · ·
∫
0<t1<···<tn<1
D(4N)μ1 (t1) · · · D(4N)μn (tn)dt1 · · ·dtn.
Then we have
ζH,k,(4)(r1, . . . , rk;m/N) = Nr1+···+rk J (2N,0, . . . ,0︸ ︷︷ ︸
r1
, . . . ,2N,0, . . . ,0︸ ︷︷ ︸
rk−1
,4m,0, . . . ,0︸ ︷︷ ︸
rk
).
From (12) and Lemma 3, we have
Theorem 8. For any positive integers r j ( j = 1, . . . ,k) with rk  2, we have
ζH,k,(4)(r1, . . . , rk;m/N) = Nr1+···+rk
∑
l=(l1,...,lk),
1l j4N
ρl,mLk
(
r1, . . . , rk; ζ l1−14N , . . . , ζ lk−14N
)
,
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ρl,m :=
εlk,4m
∏k−1
j=1 εl j ,2N
ζ
∑k
q=1 lq−k
4N
for a given l = (l1, . . . , lk).
4.3. Special values at non-positive integers and poly-Euler numbers
Deﬁnition 5. We deﬁne generalized poly-Bernoulli polynomials and generalized poly-Bernoulli num-
bers for this case by
e(2−4a)t Athk(tanh t)
e2t − e−2t =
∞∑
n=0
T
(k)
n (a)
n! t
n (20)
and
N∑
m=1
χ(m)e(N/2−m)t Athk(tanh(Nt/4))
eNt/2 − e−Nt/2 =
∞∑
n=0
T
(k)
n,χ
n! t
n.
Remark 8. From the deﬁnition, it is easily seen that
T
(k)
n,χ =
(
N
4
)n N∑
m=1
χ(m)T(k)n
(
m
N
)
.
Then we have
Theorem 9. The functions ψk(s,a) can be continued to the whole complex plane as an entire function and we
have
Lk
(−n,χ ; tanh(Nt/4))= (−1)nT(k)n,χ
for Z0 .
Proof. We can prove Theorem 9 as in the case of Theorem 5. 
Theorem 9 indicates Deﬁnition 5 is justiﬁed one as in the case of Theorem 5.
5. An explicit formula forT(k)n (a)
In this section, we consider an explicit formula for T(k)n (a). For this purpose, an expansion of
(tanh t)2n−1 is needed, which is given by the following lemmas.
Lemma 10. For any non-negative integer n, we have
(
1+ e−2t)1−2n = ∞∑ c(2n−1)2m
m! t
m, (21)m=0
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c(2n)0 =
1
22n−1
,
c(2n−1)m = − 122n−1
m−1∑
r=0
(
m
r
)
c(2n−1)r
(
2n−1∑
l=0
(
2n − 1
l
)
(−2l)m−r
)
for m 1.
Proof. It is proved by the well-known standard method. We consider
1 = (1+ e
−2t)2n−1
(1+ e−2t)2n−1 . (22)
The numerator of the right-hand side of (22) is
(
1+ e−2t)2n−1 = ∞∑
r=0
1
r!
(
2n−1∑
l=0
(
2n − 1
l
)
(−2l)r
)
tr . (23)
We put
1
(1+ e−2t)2n−1 =
∞∑
m=0
c(2n−1)m
m! t
m (24)
and implement the convolution of (23) and (24). Then we obtain Lemma 10 by comparing the coeﬃ-
cients of both sides of (22). 
Lemma 11. For any non-negative integer n, we have
(tanh t)2n−1 =
∞∑
m=2n−1
τ
(2n−1)
m
m! t
m,
where
τ
(2n−1)
m = −(2n − 1)!
∑
2n−1lm
(
m
l
)
(−2)l S(l,2n − 1)c(2n−1)m−l
with the Stirling numbers of the second kind S(a,b) (a,b ∈ Z0 , 0 b a) deﬁned by
xa =
a∑
b=0
S(a,b)x(x− 1) · · · (x− b + 1).
Proof. By using (21) and
(et − 1)m
m! =
∞∑
n=m
S(n,m)
tn
n! ,
we obtain Lemma 11. 
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Proposition 12. For any positive integer k, we have
∞∑
n=1
(tanh t)2n−1
(2n − 1)k =
∞∑
m=1
P(k)m
m! t
m,
where
P(k)m =
∑
1n(m+1)/2
τ
(2n−1)
m
(2n − 1)k .
Furthermore we note that the left-hand side of (21) can be rewritten as
e(1−a)(4t)
e4t − 1 Athk(tanh t).
Therefore we obtain
Theorem 13. For any positive integer k and non-negative integer n, we have
T
(k)
m (a) = 14(m + 1)
m∑
l=0
(
m + 1
l
)
(−4)lB(1)l (a)P(k)m−l.
Remark 9. We can easily see that T(k)n (a) are polynomials of a with rational coeﬃcients for any
positive integers n and k.
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